Metric rectification has important applications to topics such as single-view metrology, camera calibration, optical character recognition and texture extraction or synthesis. This paper proposes a method for estimating the rectification homography of a world plane that pertains to a single view containing the images of at least two circles in general position. The method does not presuppose that the circles radii, the camera's intrinsics or the plane's vanishing line are known and can simultaneously accommodate multiple circles. Comparative experimental results demonstrate the approach's efficacy.
INTRODUCTION
It is well-known that the transformation which under perspective projection maps a world plane to an image is a general projective transformation called a homography. In particular, the homography that achieves metric rectification, i.e. maps the image of a planar surface to a frontoparallel view in which all projective distortion effects are removed, is referred to as a metric rectification homography (MRH) [1] . Knowledge of a MRH is invaluable for a wide variety of practical tasks. For example, metric properties of imaged objects such as angles, lengths, areas, centroids, etc, can be measured on the world plane from the preimages of these objects that are determined via backprojection using the MRH. Intrinsic calibration is closely related to a MRH since the latter provides two linear constraints on the image of the absolute conic [1] . Given the intrinsic calibration parameters, a MRH can yield the pose of the employed camera with respect to the imaged plane. Availability of a MRH also facilitates texture extraction, enabling the recovery of distortion-free texture maps from oblique plane views. Such undistorted textures can be further utilized by texture synthesis algorithms which are inapplicable to projectively foreshortened textures. In this work, we are interested in estimating a MRH when a single view is available and, therefore, approaches based on multiple views such as [2] are inappropriate.
Several techniques for estimating a MRH have been proposed in the literature, each based on the assumption that a certain arrangement of primitives can be identified in an image. Being rather strong, such assumptions do not hold in every image, thus limiting the applicability of the related technique and to some extent explaining the plethora of proposed approaches. The most straightforward technique for estimating a MRH is arguably the one employing an imaged quadrilateral that corresponds to a world rectangle with known aspect ratio [1] . Liebowitz and Zisserman [3] propose a stratified approach to metric rectification that starts with affine rectification through the recovery of the plane's vanishing line and completes with upgrading it to metric rectification with the aid of at least two constraints involving known angles, equal angles, and/or known length ratios of line segment groups. Approaches confined to special types of image content such as homogeneous texture [4] and text images [5] have also been proposed.
In recent years, methods based on the use of circular features have become popular, e.g. [6, 7, 8, 9, 10] . When viewed under perspective, planar circles are imaged as ellipses that despite partial occlusions, can be reliably extracted through conic fitting. All circle-based rectification methods aim at estimating the images of the circular points (ICPs) [1] . For example, Ip and Chen develop two methods for estimating the ICPs, one as the complex intersection points of an ellipse that is the image of a world circle and the vanishing line [6] and another as the complex intersections of two ellipses that are the images of world circles [8] . In [11] , at least three concentric circles of known radii are required to estimate the ICPs. In a similar vein, special patterns consisting of a circle and two points with known distances to it [9] or a circle and three right angles [10] have also been shown to achieve metric rectification. Although not intended for rectification, the works of [12] and [13] propose means for identifying the image of the center of two concentric circles, which, as will become clear later, enables the estimation of a MRH. More specifically, [12] provides an analytic means for estimating the projected center of two concentric circles that involves solving a generalized eigenvalue problem, whereas [13] relies on the invariance of the cross-ratio to devise an iterative geometric method that produces a sequence of points converging to the image of the circles common center. Focusing on calibration, Chen et al. [7] assume known principal point plus unit aspect ratio and use two coplanar circles to estimate the focal length and the camera pose, from which the MRH can follow in closed form [1] . This paper presents a novel approach to plane metric rectification that is based on the use of at least two coplanar circles in general position. If available, more than two circles can be incorporated, thus increasing the accuracy of the estimated MRH. The approach employs a hypothesize-and-test paradigm guided by cheirality constraints to identify the image of the center of one of the circles given the images of the circumferences of the other(s). Knowledge of the image of a circle's center permits the recovery of the underlying MRH in closed form. Compared to [8] , our approach avoids estimating the complex roots of a quartic equation, a task which in practice might be susceptible to numerical instability. Furthermore, despite that the solution of this quartic equation yields two pairs of complex conjugate roots that give rise to two candidates for the MRH, [8] does not suggest any means for choosing the suitable one between them. Contrasted to [6] , our approach does not require the vanishing line to be available and unlike [12, 13] , is applicable to circles in general position rather than strictly concentric ones. The following section 2 concerns notation and provides some background. Section 3 describes the proposed method, experimental results are reported and compared to [6, 8, 12, 13] in section 4 and the paper concludes in section 5.
GEOMETRY OF CONICS
In the remainder of the paper, vectors and arrays are written in boldface and are represented using projective (homogeneous) coordinates. An image point embedded in the projective plane is represented by the homogeneous 3-vector x = (x 1 , x 2 , x 3 ) T with T denoting transposition. Similarly, an image line is represented by a homogeneous 3-vector l such that l T x = 0 for all points x lying on it. The symbol will denote equality up to an arbitrary scale factor. A planar conic is a curve determined by the quadratic implicit equation
Defining the symmetric coefficient matrix C as
Eq.(1) can be compactly written in matrix form as x T Cx = 0. Application of a homography H transforming points as x Hx, transforms the coefficient matrix of the conic as
Given a point x p in the plane, the two points of tangency corresponding to the tangents from x p to a conic C define a line l p . This line is called the polar of point x p with respect to C. Conversely, x p is the pole of line l p . Algebraically, this pole-polar relation is given by
Under perspective projection, a circle projects to an ellipse. However, contrary to a common misconception, the center of a circle is not preserved under perspective. In other words, the image of a circle's center does not coincide with the center of the ellipse (i.e., its axes point of intersection) corresponding to the circle's image. Two particularly important points on the projective plane are the so-called circular points. They are a pair of complex conjugate ideal points with canonical coordinates (1, ±i, 0) T . They encode the Euclidean structure by being invariant to similarity transforms and belong to all circles on the plane. The last property implies that their images, i.e. the ICPs, are on any ellipse imaging a world circle and was exploited in [8] to estimate them algebraically as the complex points of intersection of two ellipses. Moreover, since the circular points are on a plane's line at infinity, their images lie on the plane's vanishing line. Thus, as proposed in [6] , the ICPs can be alternatively estimated from the intersections of the vanishing line with any ellipse corresponding to an imaged circle.
RECTIFICATION HOMOGRAPHY ESTIMATION
Let us start by showing the relationship between the ICPs and a MRH. According to Liebowitz and Zisserman [3] , an image to world plane homography can be decomposed into a concatenation of three matrices S, A and P that respectively represent similarity, affine and projective transformation. Matrices A and P are given by
T is the vanishing line of the underlying plane and α and β specify its metric structure. Recalling that the circular points are invariant to similarity transforms, matrix S can be ignored and the images of the former are given by (AP) −1 (1, ±i, 0) T , which after some algebraic manipulation yields (β ± iα, ±i, −
T after multiplication with ∓il 3 . Thus, scaling the ICPs with the complex conjugate of their second component converts them to the form of the last expression above. From it, the parameters l 1 , l 2 , l 3 , α and β can then be determined analytically. Finally, the image to world rectification homography can be computed as
Next, we move to an observation that forms the basis of the proposed method: In order to estimate the MRH for a plane containing a circle imaged as an ellipse C, it suffices to estimate the projected center of the circle. This is because the center of any circle on a plane is in pole-polar relation with the plane's line at infinity [14] , p.119. This fact implies that given the projected center, the plane's vanishing line can be calculated with Eq.(4) as the center's polar and then the ICPs can be computed from the intersection of the vanishing line with C as the roots of a quadratic polynomial. Finally, the MRH can be computed from the ICPs through Eq.(5).
Suppose now that n ≥ 2 conics corresponding to ellipses which are the projections of n coplanar circles have been identified in an image and let C k , k = 1 . . . n be their coefficient matrices. The projected center for one of the ellipses, say C 1 , can be identified by making hypotheses regarding its location and then using the remaining ellipses to validate or refute them. To obtain possible candidates for the sought projected center, a complete search over all possible points inside C 1 is performed. For each candidate center p, the corresponding hypothesized MRH H(p) is computed as described above and C k , k = 2 . . . n are transformed with it using Eq.(3). Then, the following criterion that corresponds to the sum of squared eccentricities and measures the conformance of the transformed conics to perfect circles, is evaluated:
where M k and m k are the semi-major and semi-minor axes lengths of H −T (p)C k H −1 (p). Eq. (6) naturally incorporates all available circles imaged as ellipses. The candidate center that minimizes E(p) is declared as C 1 's projected center and the corresponding homography as the plane's MRH.
At this point, it should be noted that certain candidate centers give rise to physically impossible homographies which do not preserve the convex hull of imaged points, splitting the scene across the corresponding line at infinity. Such homographies violate the cheirality constraint, according to which any point projecting in an image must lie in front of the camera capturing that image [15] . When transformed with these homographies, imaged circles are mapped to conic sections that no longer correspond to ellipses. Hence, only the candidate centers that give rise to physically plausible homographies should be included in the search for minimizing Eq.(6). Such homographies, known as quasi-affine transformations, keep the line at infinity outside the convex hull defined by world points and can be easily identified by simple sign checks [15] .
EXPERIMENTAL RESULTS
Experimental results concerning the proposed method are reported in this section. A set of 2D points selected to lie on a conic section corresponding to an ellipse permits the parameters of the former to be estimated via conic fitting. Specifically, an initial estimate is estimated first by solving a homogeneous linear system formed using Eq. (1) and embedded in the LMedS estimator [16] for robustness to mislocalized points. Then, this estimate is refined nonlinearly by the Levenberg-Marquardt algorithm [17] which minimizes the sum of squared distances of the inlying points from the ellipse [18] . The first experiment concerns the 1024 × 768 image of Fig. 1(a) , which corresponds to an oblique view of two CD disks and a CD cover placed on a desk. Application of the proposed method to the two ellipses corresponding to the CD projections that are shown superimposed on Fig. 1(a) yields a MRH that rectifies the original image as shown in Fig. 1(b) . Note that in the rectified image, both CDs appear as perfect circles and the CD cover has been transformed to a square. Owing to the comparison of MRHs estimated with different algorithms being cumbersome, we have chosen to compare rectification techniques on the basis of projected circle centers, to the estimation of which they are directly related as explained in section 3. Thus, the proposed method estimated the projected center of the foreground CD at (644, 509). The method of [8] yields the two candidate centers (632.6, 439.6) and (644.3, 508.8), the second of which is practically identical to that estimated with the proposed method. The parallel sides of the CD cover facilitate the estimation of the plane's vanishing line from their vanishing points, which in turn allows the application of [6] that estimates the imaged center at (641.0, 509.5), i.e. very close to the aforementioned estimates.
The second experiment was carried out with the aid of the 1200 × 900 image in Fig. 2(a) , which shows the pavement pattern in front of the tower housing the astronomical clock of Prague. This image was chosen due to the concentric circles it contains, which allow the results of the proposed method to be compared with those of [12, 13] . The proposed method was applied to the two concentric circles whose images are shown superimposed in red on Fig. 2(a) and the image of their common center was estimated to be at (604, 502). The rectified ground plane is shown in Fig. 2(b) , from which is evident that the corresponding MRH has been accurately estimated. This can be further verified by comparing the estimated imaged center with the estimate obtained with [12] , which was (605.5, 503.3). The iterative method of [13] was found to converge to slightly different results for the imaged center depending on the initialization point, therefore the former was computed from the average of ten runs and was (606.2, 504.1). Noticeably, the method of [8] fails for this image since it leads to two candidate centers, namely (487.4, 481.9) and (737.4, 527.6), both of which are far from the true location of the center's image and give rise to inaccurate MRHs. Observe that the method of [6] is inapplicable here due to the inability of estimating the vanishing line, which in turn stems from the lack of parallel line segments on the ground. The inner red circle can also be coupled with the circle shown in green in Fig. 2(a) , giving rise to a pair of non-concentric circles. Application of the proposed method in this case estimated the imaged center of the inner red circle at (608, 502) which is again very close to the estimates reported above. The last experiment employs the 1024 × 768 image of Fig. 3(a) , depicting Pantheon's floor in Rome. The proposed method was applied to the two concentric circles shown superimposed in Fig. 3(a) . Notice that the outer circle extends outside the image and is imaged with considerable foreshortening. The image of the circle centers was estimated at (467, 389). This is slightly away from the estimate obtained with [12] which was (454.5, 387.6), nevertheless it corresponds to a MRH that rectifies the floor plane fairly accurately as can be seen from Fig. 3(b) . The center's image can also be estimated as the common point of intersection of the radial line segments annotated in Fig. 3(a) , whose MLE estimate (cf. [3] ) is (460.7, 388.2). On the other hand, [13] was inapplicable due to the outer circle not being fully visible, whereas the method of [8] fails again, yielding the incorrect pair of candidate centers (660.9, 383.0) and (251.7, 392.9).
CONCLUSION
A novel approach to the problem of rectifying the image of a plane containing at least two circles in general position has been presented. This approach does not assume knowledge of the plane's vanishing line or of the camera's intrinsics and is applicable irrespectively of the relative position of the two circles. Therefore, it constitutes a useful addition to the class of methods achieving metric rectification from imaged circles, having a wider applicability compared to [6, 12, 13] and being numerically better conditioned than [8] , without suffering from its problem of selecting the right MRH between the two possible ones.
